B5.2 — Applied Partial Differential Equations 
Sheet 4 — MT23 


Questions are split into sections A, B, C according to the labels [A], [B], [C] provided, 
respectively, for each question. Section A questions are meant to provide an example to help 
with the lecture material and or the homework of this sheet. The are not meant to be handed 
in and will not be marked. A model solution will be made available via a link that will be 
posted as an announcement for the B5.2 course on moodle. Part B need to be handed in and 


will be marked and discussed in the classes. Part C are optional, they will not be marked. 


1. [A] 
(a) Show that, if 
dae — Oe = f (x,t), 
with 
C= c= 0% ate P10; 
then 


bee ; / [ dea varae. 


where A is a triangle which you should specify. 


(b) Solve 
Ore — Oe = —1 in z>0, t>0, 
with 
C=O: = 0 Von: t= 0). 0, 
and 


C= (On: e098 > 0, 


Show that there is a discontinuity of magnitude 1 in 0?¢/0x? across x = t. 


Mathematical Institute, University of Oxford Page 1 of 3 


Andreas Miinch: muench@... 


B5.2 — Applied Partial Differential Equations: Sheet 4 — MT23 
2. [B] Find the Riemann function for the PDE 


Uny + LYUy, = faces y) 
and use it show that the solution to the problem 


Ugy Hey, =O ine oy 0, 


U=2, U=O0 on r+y=0. 


is 


g 2 2 2 
u(E,7) = -n+ { eae 


7 


3. [B] Suppose that (x, t;7) is the solution of 
Ott — Pre = 0, with OTT) = 0, bi(x, 7; T) = g(x,T). 


Construct a solution for ¢ involving an integral of g and verify that 


t 
Cet) = | Olnriar)ar 
0 
satisfies the inhomogeneous problem 


Utt — Upe = G(x, t) with u(z,0) = u,(x,0) = 0. 
4. [A] Consider the problem 


=I 
V76=0 forl<r<2, with obs Saf howe Genet , 


Or 


0 on r=2. 


for constant a. 


(a) If a = 0, show that the solvability condition for existence of a solution is satisfied. 


(Use an extension of Green’s theorem for a non-simply-connected domain.) 
(b) Show that the homogeneous problem (i.e. & = 0) has a solution ¢ = ¢(r) if 


1 
2log 2° 


a=0 or a= 


(c) By seeking a solution of the homogeneous problem of the form ¢ = f(r)g(0), 
show that that there are countably infinitely many such solutions (i.e. countably 


infinitely many a for which such solutions exist). 


(d) What can you say about existence and uniqueness of the inhomogeneous problem 


as a function of a? 
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5. [B] Construct the Green’s function for Laplace’s equation in the domain x > 0,y > 0 


with Neumann boundary data. Hence, assuming suitable behaviour at infinity, give a 


solution to the problem 


Vu=f inz>Oy>Q0, 


se = aly) one =O, 
a = f(x) on y = 0. 
Oy 


6. [B] Consider the equation 
Up =Ugz, © >O0, t>0 


with 
u(z,0)=0, u(0,t)= f(t), wo0 as tro. 
(a) Explain why this admits a similarity solution when f is constant. Thus obtain the 
solution u = uo(x,t) corresponding to f = 1. 
You may find useful the formula 


| e/4 ds = s/n. 


0 
(b) Use the Green’s function approach to show that the solution for arbitrary f(t) may 


be written in the form 


i [it-9 “(2,5 ds. 
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